Pao ham va gradient

Trac nghiém 4 PDF bai

M6t model doan diém bang § = wz v6i mot trong s6 w. Pat w = 0 thi doan sai
nhiéu, loss 16n. Nén tang hay giam w, va d6i bao nhiéu? Vi mdt trong s6 thi cod
thé thir ting gia tri, nhung mang neural cé hang triéu trong s6. Pao ham cho

biét dGi w mot chut thi loss ddi bao nhiéu va theo huéng nao. Bai nay di tur dao

ham t6i gradient va gradient descent, thuat toan dung dé huin luyén gan nhu

moi model trong khoa hoc.

MUC TIEU

Hiéu dao ham la do ddc; tinh xap xi bang sai phan.
Tinh dao ham cta da thic, e”, log = va ham hgp.
Tinh gradient ctia ham nhiéu bién.

Chay gradient descent bang tay va bing code; chon learning rate.

bo doc tai mot diém

O bai 0.4, ham bac nhét c6 do déc khong déi:  tang 1thi y ting w. Ham f(z) = z? thi
khac: gan z = 0 do thi gan nhu ndm ngang, cang xa thi cang ddc. Ta can néi “dd doc tai

z =173

Cach lam: 1ay mét diém gan do, x = 3 + h, va chia do tang ctia f cho dd tang cta z:

f8+h)—fB3)
- :

Day la do doc ctia dudng thang ndi hai diém trén do thi. Cho h nhd dan, dudng ay xoay
dan vé ti€p tuyén, duong thang chi cham do6 thi tai dang diém z = 3. D6 doc cha ti€p
tuyén la dao ham cdia f tai 3, ky hiéu f/(3).
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http://127.0.0.1:56872/giao_trinh/pdf/bai-0.6.pdf

h =1.5: d6 déc 7.5
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h =0.5: d6 doc 6.5
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X

h cang nho, dudng ndi hai diém cang gan ti€p tuyén; dé ddc tién vé 6.

Python

import numpy as np

def f(x):

return x *x 2

for h in [1, 0.1, 0.01, 0.001]:
print(h, round((f(3 + h) - f(3)) / h, 6))

KET QUA
17.0

0.1 6.1
0.01 6.01
0.001 6.001

N 4 PN A . A 2— by ’
V6i h nho dan, ti so tién ve 6. Viét tay: (3“;2 2 = 6h;:h2 =6+ h,va h — 0 cho ding 6.

DPoc dao ham nhu mot 16i hira nho: tang = thém mdt lugng rat nhé A thi f ting thém
khoang f'(z) - A. Pao ham duong thi ham dang di 1én, am thi dang di xuéng, bang 0 thi

dang nim ngang, nhu & day mot cai bat.
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HOI NHANH

f'(2) = —3. Tang = tr 2 1én 2.01 thi f thay d6i khoang bao nhiéu?

A Tang khoang 0.03
B Giam khoang 0.03
¢ Giam khoang 3

D Khéng ddi, vi 0.01 qua nho

Cac quy tac tinh dao ham

Khéng ai tinh gi6i han méi lan. Vai quy tic di cho phan 16n hoc may:

log x

c- f(z)

f(@) +g(x)

Hang z" cho (2%) = 2z, kh6p con s6 6 tai x = 3. Hang e” 1a Iy do bai 0.4 chon co s6 e:

Pao ham

dao ham ctia né la chinh né. Hai hang cu6i néi dao ham di qua phép nhan véi hiang s6 va

phép cong: (3z% — 4z + 1) = 6z — 4.

Kiém bing sd: so cong thitc véi sai phan tai z = 2.

Python
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def numeric(g, x, h=le-6):
return (g(x + h) - g(x - h)) / (2 x h)

X = 2.0
tests = [("x"3", lambda t: t **x 3, 3 * X ** 2),

("e~rx", np.exp, np.exp(x)),

("log x", np.log, 1 / x),

("3x22 - 4x + 1", lambda t: 3 * t **x 2 - 4t + 1, 6 * X - 4)]
for name, g, exact in tests:

print(f"{name:14s} cong thic {exact:.6f} sai phan {numeric(g, x):.6f}")

KET QUA

x"3 cong thic 12.000000 sai phan 12.000000
enx cong thic 7.389056 sai phan 7.389056
log x cong thic 0.500000 sai phan 0.500000

3x"2 - 4x + 1 c¢oOng thUc 8.000000 sai phan 8.000000

Ham numeric lay hai diém hai bén, z + h va  — h, goi la sai phan trung tdm; n6 chinh

xac hon cach 14y mot bén 6 muc truée. Muc cudi bai dung lai ham nay dé kiém gradient.

HOI NHANH

g(x) = 423 — 2z. ¢’(1) bang bao nhiéu?

A 2

B 12
c 14
D 10

Quy tic chubi

Loss ctia model hi€m khi la mdt ham don gian ctia trong s6. N6 1a mot chudi cac budc:
trong s6 cho ra du doan, du doan cho ra sai s6, sai s6 cho ra loss. V6i ham hgp f(g(z)),

quy tic chubi noi
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2 f(g@) = £ 9(2)) - o (@),

DPoc bang 16i hira ¢ trén: z nhich A thi g nhich khoang ¢'(z)A, va g nhich chung dy thi f
nhich khoang f’(g) nhan lugng d6. Téc d6 ddi qua nhiéu budc 1a tich cac tdc do déi ciia
tung budc.

Vidu h(z) = (2o + 1)2. Bén trong la g = 2z + 1 v6i ¢’ = 2; bén ngoaila f = g% voi f/ =
2g.Nén h'(z) = 2(2z + 1) - 2 = 4(2z + 1), tai z = 1 bang 12.

Ap vao model § = wz véiloss L = (§ — y)?. Coi w 12 bién, z va y 1a s6 da biét. Chudi gom

hai buéc: w — g c6 dao ham z, va g — L c¢6 dao ham 2(g — y). Nhan lai:

oL )
Fv 2(9 —y) x.

oy/ow = x = 2 oL/dy =2(y-y)=-8

oL/ow =2-(-8) = -16

Pao ham ctia loss theo w béng tich dao ham cta tung budc.

Mang neural chi la mot chudi dai hon. Thuat toan backpropagation & chuong 3 1a quy tac
chubi ap dung c6 hé thong, tu loss di ngugce vé ting trong so.

Mot vi du quan trong 1a sigmoid o(2) = (1 + e#*)~1. Ap quy tic chudi hai lan réi rat gon,

ta dugc mot cong thirc rat gon:

o'(z) = o(2)(1 - o(2)).

Taiz = 0, ¢ = 0.5 nén ¢’ = 0.25, 16n nhat c6 thé. O hai dau chit S, o gan 0. MOt mang
nhiéu 16p sigmoid nhan nhiéu thtra s6 khong qua 0.25 véi nhau, nén gradient & cac 16p

dau nho dan. Chuong 3 goi day la vanishing gradient.

Python
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def sigmoid(z):

return 1 / (1 + np.exp(-2))

for z in [0.0, 2.0, 5.0]:
s = sigmoid(z)

print(z, round(s * (1 - s), 4), round(numeric(sigmoid, z), 4))

w, X, y =1.0, 2.0, 6.0
loss = lambda w: (W * X - y) *% 2

print(2 * (w * x - y) * x, round(numeric(loss, w), 4))

KET QUA

0.0 0.25 0.25

2.0 0.105 0.105
5.0 0.0066 0.0066
-16.0 -16.0

Cong thirc va sai phan khép nhau 6 ca ba diém ctia sigmoid. Dong cudi: véi w = 1, model
doan 2 trong khi dap an la 6; dao ham —16 am, nghia la tang w thi loss giam. Bung nhu

mong dgi, vi model dang doan thip.

HOI NHANH
L = (wz —y)?v6iz =3,y =3vaw = 2. L/Ow bang bao nhiéu, va nén ddi w theo

huéng nao?

>

6; tang w

B 9; giamw

c 18; giam w

D —18;tang w
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Pao ham riéng va gradient

Loss thuong phu thudc nhiéu tham s6 cuing lic. V6i ham hai bién f(z,y), dao ham riéng
theo z, viét f/0z, 1a dao ham khi coi y nhu héing s6. Vi du f(z,y) = 2’y + 3z:

ﬁ:2xy—|—3, gzﬁ.
or

Xé&p moi dao ham riéng thanh mot vector, ta dugc gradient:

_(0F 9Of
V1= (5 )

Gradient chi huéng lam f tang nhanh nhat, va do dai ctia n6 cho biét déc ¢6 nao. Huéng
ngugc lai, —V £, lam f giam nhanh nhit. Hinh duéi 1a ban d6 dudng dong mirc ctia cai
bat f(z,y) = z% + y?; mdi vong 1a mot muc cao. Gradient tai moi diém vudng goc véi

duong dong mirc va chi ra ngoai.

(1,2)

N\ vf = (2x, 2y)
chira xa day

™~ ~vf 7

“ .

/A

Gradient ctia x2 + y2 chi ra xa day; -Vf chi vé day.

Python

def bowl(v):

return v[0] *x 2 + v[1] ** 2

def grad_numeric(g, v, h=1e-6):

out = np.zeros_like(v)
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for i in range(len(v)):
e = np.zeros_like(v)
el[i] = h
out[i] = (g(v + e) - g(v - e)) / (2 x h)

return out

v = np.array([1.6, 2.01)

print(2 * v, np.round(grad_numeric(bowl, v), 6))

KET QUA

[2. 4.1 [2. 4.]

grad_numeric lam sai phan trung tam theo ting toa do, gilt cac toa do khac c6 dinh:
dang dinh nghia dao ham riéng. Tai (1, 2), gradient 1a (2,4), chi ra xa goc.

HOI NHANH

f(z,y) = 3z + y*. Gradient tai (5, 1) 1a gi?

Ao(3,1)
B (3,2)
¢ (15,1)
D5

Gradient descent

Da biét huéng lam loss giam nhanh nhat 1a —V L. Gradient descent di mot buéc nhd

theo hudng ay, roi tinh lai gradient, roi di ti€p:
w < w —nVL(w).
n 1a learning rate, quyét dinh moéi bu6ce dai bao nhiéu. Hinh anh quen thudc: di xuéng

nui trong suong mu, chi thdy dé déc dudsi chan, nén méi lan buéc mot buée theo hudng
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ddc xudng nhit.

Thir v6i model mot trong s6 & trén, z = 2, y = 6, dap an t6t nhat 1a w = 3. Bat dau t

w = 0, so hai learning rate.

Python

def descend(eta, steps, w=0.0):
path = []
for _ in range(steps):
grad = 2 * (W * X - y) * X
w =w - eta * grad
path.append(round(w, 4))

return path

print(descend(0.05, 6))
print(descend(0.05, 30)[-1])
print(descend(0.3, 6))

KET QUA

[1.2, 1.92, 2.352, 2.6112, 2.7667, 2.86]
3.0

[7.2, -2.88, 11.232, -8.5248, 19.1347, -19.5886]

n =0.05
Q\
\.\\
"o,
L
0 3

2.86 sau 6 budc

-3 0 3 6 9 12
0->72->-288->123 W

n = 0.05 di dan xudng day; n = 0.3 nhay qua day, vang xa dan.

V6in = 0.05, w tién dan vé 3, budc sau ngin hon budce trude vi cang gan day thi gradient
cang nhd. Sau 30 bu6c da bang 3 téi bon chir s6 thap phan. Vi n = 0.3, buéc dau nhay

1én 7.2, vugt qua day rat xa; méi budc sau lai vugt sang phia bén kia, xa hon buéc truéc,
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va w 16n dan khong giéi han. Ta ndi gradient descent phéan ky. Khi loss tang vot hay

thanh nan trong lac hudn luyén, nghi pham dau tién la learning rate qua 16n.

V6i nhiéu mau, loss la trung binh loss ciia tiing mau, nén gradient cling la trung binh
gradient ctia ting mau. Lay hai mau (z,y) = (1,2) va (2,5), bat dau ttrw = 0 véin = 0.1.
Hai du doan déu la 0, sai s6 —2 va —5, loss (4 + 25) /2 = 14.5. Gradient ctia tiing mau la
2 - sai 86 - 21 —4 va —20, trung binh —12. Bu6c cap nhat chow = 0 — 0.1 - (—12) = 1.2,
Sai s6 méi la —0.8 va —2.6, loss con (0.64 + 6.76) /2 = 3.7.

Python

xs = np.array([1.0, 2.8])
ys = np.array([2.0, 5.08])

w=0.0

for step in range(3):
err = W * XS - ys
grad = np.mean(2 * err * Xxs)
print(step, round(w, 4), round(np.mean(err ** 2), 4), round(grad, 4))

w -= 0.1 % grad

KET QUA

0 0.0 14.5 -12.0
11.2 3.7 -6.0
21.81.0 -3.0

Dong 0 va dong 1 khdp phép tinh tay. Bap an tot nhat la w = 12/5 = 2.4, noi gradient

trung binh bang 0; vai bu6c nita w sé t6i do.
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HOI NHANH
Huan luyén mdt model bang gradient descent, loss sau mdi lugt chay hét di liéu

(goi 1a mot epoch) lan lugt 1a 2.1, 5.8, 31.4, 260.0, rdi nan. Nén thir gi tru6c?
Giam learning rate
Tang learning rate cho nhanh téi day
Huan luyén thém nhiéu epoch

Bo bét dir liéu train

Kiém gradient bang sai phan

Tu viét cong thirc gradient thi dé sai mot hé s6 2 hay mot dau trir, ma code van chay.
Cach kiém: so gradient tir cong thic véi gradient tinh bing sai phan trén mot vi du nho.

Néu sai s6 tuong doi c¢d 1076 tré xudng thi cdng thiic gan nhu chic ding.

Model tuyén tinh ba trong s, loss MSE trén nam mau: L(w) = 1| Xw — y||2. Quy téc

n

chudi cho gradient
2 o1
VL=-X (Xw-—Yy).
n

Doc béng shape ctia bai 0.5: X ' 1a (3,5), phan du Xw — y 1a (5,), tich 1a (3, ), dang mot
s6 cho mdi trong so.

Python

rng = np.random.default_rng(0)

X = rng.normal(size=(5, 3))

y_vec = rng.normal(size=5)

w_vec = rng.normal(size=3)

def mse(w):

return np.mean((X @ w - y_vec) ** 2)
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exact = 2 / len(y_vec) * X.T @ (X @ w_vec - y_vec)

approx = grad_numeric(mse, w_vec)

wrong = 1 / len(y_vec) * X.T @ (X @ w_vec - y_vec) # quén so 2

rel = lambda a, b: np.linalg.norm(a - b) / np.linalg.norm(a + b)
print(np.round(exact, 6))

print(np.round(approx, 6))

print(f"dong: {rel(exact, approx):.le} quén sd 2: {rel(wrong, approx):.le}")

KET QUA

[ 1.753666 1.112768 -0.48581 ]
[ 1.753666 1.112768 -0.48581 ]
dong: 3.le-11 quén sb 2: 3.3e-01

Cong thirc dang cho sai s6 tuong doi rat nhd; ban quén sd 2 cho sai s6 ¢é 0.3, 16 ngay.

bay ciing la cach PyTorch ki€m cac phép tinh tu viét (torch.autograd.gradcheck).

HOI NHANH
Kiém gradient tu viét bang sai phan, sai s6 tuong d6i ra 0.5. Nhiéu kha nang do

dau?
A Binh thudng, vi sai phan ludn chi & xap xi
8 Phai giam h xuéng 10~!® cho chinh xac han
¢ C6ng thic gradient tu viét nhiéu kha ndng sai

D Learning rate dang dat qua I&n

Khi di thi
o Tuy viét gradient thi kiém bang sai phan trung tam trén vi du nhd, h ~ 10~°.
» Gradient phai c6 ding shape ctia tham sé.

» Loss tang vot hay thanh nan thi gidm learning rate truéc.
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Tom tat

« Paoham f/(z) 14 gi6i han ctia LZH=12) 45 dgc ti€p tuyén; 2 nhich A thi f nhich
khoang f'(x)A.

o (") =nz™ ! (e®) = €% (logz)' = 1/z; dao ham di qua phép cong va nhan hing so6.

e Quy tac chubi: (f(g(z))) = f'(9(z)) g'(z); 0’ = o(1 — o) < 0.25.

» Gradient la vector cac dao ham riéng, chi huéng tang nhanh nhit; —V f chi huéng

gidam nhanh nhat.
o Gradient descent: w <— w — nV L; n qua 16n thi phan ky.

 MSE tuyén tinh ¢6 VL = 2X " (Xw — y); kiém moi gradient tu viét bing sai phan

trung tam.

Kiém tra cu6i bai
Mudi cau dudi day bao quat ca bai. Lam hét roi xem diém; cau nao sai thi doc lai muc

tuong ung.

CAU1

bao ham cia f(z) = 5z + 3 1a gi?

A 8
B 5
c 3
D b5z

PE THI  NOAI 2026 Singapore - Vong sd loai - Cau 38
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https://aisingapore.org/wp-content/uploads/2026/04/NOAI-2026-Preliminary-Round-Assessment-300-MCQs-Google-Forms.pdf#page=17

CAuU 2

Quy téc chudi noi < f(g(x)) bing gi?

Ao f(2)-g'(x)

0 f'(g9(z)) - g'(z)

BE THI  NOAI 2026 Singapore - Vong sd loai - Cau 39

CAu 3

Gradient cta f(z,y) = =% + y? la gi?

A (2z,2y)
B (z,y)

¢ (=%
D 2z 42y

PE THI  NOAI 2026 Singapore - Vong sd loai - Cau 41
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https://aisingapore.org/wp-content/uploads/2026/04/NOAI-2026-Preliminary-Round-Assessment-300-MCQs-Google-Forms.pdf#page=17
https://aisingapore.org/wp-content/uploads/2026/04/NOAI-2026-Preliminary-Round-Assessment-300-MCQs-Google-Forms.pdf#page=18

CAu 4

Pao ham cta e” 1a gi?

A ze® !
B e

C €°

D 1

BE THI  NOAI 2026 Singapore - Vong sd loai - Cau 42

CAu s

Trong gradient descent, vector am ciia gradient, —V L, chi vé dau?
A Hudng lam loss giam nhanh nhéat
B Hudng lam loss tang nhanh nhéat
¢ Thang tdi diém cuc tiéu cua loss

D Mot diém yén ngua cua loss

PE THI NOAI 2026 Singapore - Vong s@ loai - Cau 44
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https://aisingapore.org/wp-content/uploads/2026/04/NOAI-2026-Preliminary-Round-Assessment-300-MCQs-Google-Forms.pdf#page=18
https://aisingapore.org/wp-content/uploads/2026/04/NOAI-2026-Preliminary-Round-Assessment-300-MCQs-Google-Forms.pdf#page=19

CAu e

bao ham ciia sigmoid o(z) = 1/(1 + e~ *) theo z 1a gi?

A oo(x)
B e”
t —o(x)

D o(z)(1-o(z))

PE THI  NOAI 2026 Singapore - Vong sd loai - Cau 45

CAu 7

V6i L = (§ — y)? va g = wz, 0L/0w bang gi?

A 2(9-y)
B (J—y)z
C 2(g-yz
D 2w

BE THI  NOAI 2026 Singapore - Vong sd loai - Cau 46
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https://aisingapore.org/wp-content/uploads/2026/04/NOAI-2026-Preliminary-Round-Assessment-300-MCQs-Google-Forms.pdf#page=19
https://aisingapore.org/wp-content/uploads/2026/04/NOAI-2026-Preliminary-Round-Assessment-300-MCQs-Google-Forms.pdf#page=20

CAu 8

Gradient ctia f(x) = ||x||?, binh phuong chuin 1.2, 1a gi?

A X
B [lxll
c x?
D 2x

PE THI  NOAI 2026 Singapore - Vong sd loai - Cau 53

CAu 9
Loss L(w) = (w — 4)?, dang 6 w = 0, learning rate 0.25. Sau mdt buéc gradient

descent, w bang bao nhiéu?

A —2
B 1
c 2
D 4
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https://aisingapore.org/wp-content/uploads/2026/04/NOAI-2026-Preliminary-Round-Assessment-300-MCQs-Google-Forms.pdf#page=22

CAU 10
Mot hoc sinh kiém gradient bang sai phan mét bén ﬁz—”’h_u@ va thay sai s6 nho
dan khi gidm A tir 10~2 xu6ng 10~%, nhung tang 1én khi h = 107!2. Vi sao?

A h qua nhé thi phép tri mat chit s6 do lam tron
B Cong thuc gradient sai, nén chi dung & vai gia tri h
¢ Sai phan chi dung khi A 13 s6 nguyén

D Ham khéng c6 dao ham tai diém dang kiém

Poc thém

3BluelBrown — Essence of calculus, tip 1-4. Pao ham nhu do déc va quy tic chudi, bing hinh
dong.

3BluelBrown — Gradient descent, how neural networks learn. Gradient descent trén mot mang
neural that, chudn bi cho chuong 3.

Khan Academy — Differential calculus. Bai gidng va bai tip luyén quy tic dao ham.

Deisenroth, Faisal, Ong — Mathematics for Machine Learning, chuong 5. Gradient cia ham

vector va ma tran, khi can di xa hon bai nay.

Stanford CS231n — Optimization: stochastic gradient descent. Kiém gradient bing sai phan va

chon learning rate trong thuc té.
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https://www.3blue1brown.com/topics/calculus
https://www.3blue1brown.com/lessons/gradient-descent
https://www.khanacademy.org/math/differential-calculus
https://mml-book.github.io/
https://cs231n.github.io/optimization-1/

