Ham so, mi va log

Trac nghiém 4 PDF bai

Mot model nhin anh chit s6 viét tay va tra vé muai con s6, modi s6 cho mét chir
O tir 0 dén 9, chang han [1.2, -0.4, 6.3, 0.8, ..]. Mudi s nay chua phai
xac suat: cd s6 am, va téng khéng bang 1. B€ ddi chung thanh xac suit, model
14y ham m ctia ting s6 roi chia cho téng. Khi cham model, ta 14y log ctia xac

suat ma model danh cho dap an dang. Bai nay hoc hai ham d6, ham mi va log,

cung hai ham dung tir chting 1a sigmoid va softmax.

Bai chi can toan THCS: lity thira, phan s va doc do thi. Moi cong thitc déu cé mot doan

NumPy in ra s6 dé ddi chi€u v4i phép tinh tay.

MUC TIEU

DPoc ham sd qua bang gia tri va do thi.
Tinh e*, log ; dung log(ab) = log a + log b.
Tinh sigmoid va softmax.

Tinh log-loss; biét vi sao doan sai ma tu tin bi phat ndng.

Ham so: dua vao mot s, nhan ra mot so

Mot ham s6 1a mot quy tic: mdi gia tri dau vao cho ding mot gia tri dau ra. PSi nhiét do
tir do C sang do F la mot ham: F = 1.8C + 32. Trong Python, mot def nhén s6 va tra vé

sO cting la mot ham theo ding nghia ay.

Dang don gian nhat ma hoc may dung la ham bac nhit
y = wz +b.

w 1a hé s6 goc (slope): z tang 1 thi y tdng dang w. b 1a gia tri ctia y khi z = 0. DS thi la mot

duong thing. Bai linear regression & chuong 2 hoc dlng hai s6 w va b nay tir di liéu.
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Cach kiém nhanh mt ham ¢6 phéi bic nhat khong la chia d6 tang ctia y cho dd tang cta
x gilta cac diém lién ti€p. Vi ham bac nhat, ti s6 nay luén bang w. np.diff tra vé hiéu

ctia hai phan tt lién nhau trong mang.

Python

import numpy as np

def to_f(c):

return 1.8 * ¢ + 32

c = np.array([-10, 0, 10, 206, 30])
f = to_f(c)

print(f)

print(np.diff(f) / np.diff(c))

KET QUA

[14. 32. 50. 68. 86.]
[1.8 1.8 1.8 1.8]

Bon ti s6 déu bang 1.8, dting hé s goc. 0 do C cho 32 do F, dung hé s6 tu do. Ham cong

nhu y = 22 thi ti s6 nay ddi theo ting doan; phan sau ctia bai gdp nhiéu ham nhu thé.

HOI NHANH

Ham y = 3z — 2. Khi « tang t 4 lén 6, y tang bao nhiéu?

A 2
B 3
t 6
D 16
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Ly thtra va ham mi

21912 2 nhan v6i chinh n6 10 1an, bing 1024. Ba quy tic di dung cho ca bai:

Hoc may hay dung co s6 e ~ 2.71828. Pay 1a mdt hing s6 nhu 7. Ly do chon n6 sé ro &
bai 0.6: ham e c6 dao ham bang chinh né, nén cac phép tinh vé sau rit gon. Ham e® c6

ky hiéu khac l1a exp(z), trong NumPy la np.exp.

Ba diéu can nhé vé e®. N6 ludn duong, ké ca khi z am. €” = 1. z 4m cang nhiéu thi e”
cang sat 0; z duong thi e* tang rat nhanh, mdi khi z tang 1 thi gia tri nhan thém khoang
2.7 1an.

Python

X = np.array([-5, -1, 0, 1, 2, 5, 10])
print([round(float(v), 4) for v in np.exp(x)])
print(np.exp(2 + 3), np.exp(2) * np.exp(3))

KET QUA

[0.0067, 0.3679, 1.0, 2.7183, 7.3891, 148.4132, 22026.4658]
148.4131591025766 148.4131591025766

Dong dau cho thay e ® ~ 0.0067 da rat nho, con e'® da hon hai van. Dong thir hai kiém

2

quy tic e>™ = e? - €*: hai cach tinh cho cting mot sé.

Ham m tang nhanh dén mic may tinh khong chtra néi. S6 thuc floaté4 16n nhat
khoang 1.8 - 103%, nén €% da vugt qua va thanh inf (v cting). Phan softmax & dudi sé
gap lai chuyén nay.

Python

with np.errstate(over="ignore"):
print(np.exp(np.array([700.0, 710.0])))

KET QUA

[1.01423205e+304 inf]
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HOI NHANH

e3 - €7 bang bao nhiéu?

A0

B 1

c €
D e?

Log: héi ngugc lai phép mu

23 = 8, nén “2 mi may thi bang 8?” c6 cau tra 16i la 3. Ta viét log, 8 = 3. Log la phép hoi

ngugc ctia phép mi: log,  1a s6 mi can dat 1én a dé dugce .

Co s0 e cho log tu nhién, viét In z. Trong sach hoc may va trong NumPy, 1og khong ghi
co sO nghia la co s6 e: np.logla In, con np.1log2 va np.10g10 cho co s6 2 va 10. Bai nay

cling viét log cho log tu nhién.

Do thi ctia log = 1a do thi ctia e® 14t qua dudng chéo y = z, vi hai ham lam ngugc viéc ctia

nhau.
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e* va log x doi xting qua dudng y = x.

Tl hinh doc dugc ba diéu. log = chi c6 nghia khi z > 0.log1 = 0. V6i 0 < < 1, nhu mdt

xac suat, log z 1a s6 am, va x cang sat 0 thi log z cang am nhiéu.

Quy tic quan trong nhat ctia log dén tir quy tic nhan liy thira:
log(ab) = loga + log b, log % = loga — log b, loga® = kloga.

Log bién phép nhéan thanh phép céng. Hoc may can diéu nay vi xac suit hay dugc nhan
v6i nhau. Gia stt model chdm 1000 cau, méi cau nd cho dap an dang xac suat 0.5. Xac
sudt model doan ding ca 1000 cau la 0.5 mot s6 ¢d 1073%2, Thém 100 cau nira thi may

lam tron thanh dang 0, goi 1a tran du6i (underflow). Cong log thi khong c6 van dé gi.

Python

print(np.10g2(8), np.l0gl10(1000), np.log(np.e))
print(np.log(3 * 7), np.log(3) + np.log(7))

p = np.full(1100, 0.5)

print(np.prod(p[:10001), np.prod(p))
print(np.sum(np.log(p[:1000]1)), np.sum(np.log(p)))

KET QUA

3.0 3.0 1.0

3.044522437723423 3.044522437723423
9.33263618503218%e-302 0.0
-693.1471805599454 -762.4618986159398
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Tich ctia 1100 xac suét da thanh 0.0, nén moi so sanh dua trén né déu mat. Tong log ciia
ching la —762.46, mot s6 binh thuong, va van so sanh dugce: téng log 16n hon nghia la
tich 16n hon, vi log 1a ham tang.

HOI NHANH

Biét log 2 ~ 0.693 va log 5 ~ 1.609. log 10 x4p xi bao nhiéu?

A 0.916
B 1.115
c 2.302
D 3.218

Sigmoid: ép mot s bat ky vao khoang (0, 1)

Mot bo loc thu rac tinh cho méi thu mét diém z bang ham bac nhat ctia vai con s6 md ta
thu, nhu s6 dudng link hay s6 chir in hoa. z ¢6 thé la bat ky sé thuc nao, con diéu ta

mudn la xac suat thu la rac, mot s6 nam gitra 0 va 1. Ham sigmoid lam viéc ay:

Poc cong thitc bang ba trudng hop. z = 0 thi e® = 1, nén o(0) = 1/2. z duong 16n thi e *
sat 0, nén o (z) sat 1. z &m nhiéu thi e * rat 16n, nén o(z) sat 0. Bo thi la mdt duodng chir

S, khong bao gis cham 0 hay 1.
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o(z)

0.5

Sigmoid dua moi z vao khoang (0, 1); o(0) = 0.5.

Hinh chir S d6i xting qua diém (0, 0.5), tiic la o(—2z) = 1 — o(2). Diém z = 2 cho xac suit
thu rac 0.88 thi z = —2 cho 0.12.

Hoi ngugc lai: xac suat p ing véi diém z nao? Gidi o(z) = pra

p

z = log .
l—p

Tisd p/(1 — p) goila odds: p = 0.8 cho odds béng 4, nghia la “kha nang xay ra gap 4 lan
khong xay ra”. Vi vay z con dugc goi la log-odds, hay logit. Tt logit s€ gap lai 6 moi bai
phan loai.

Python

def sigmoid(z):
return 1 / (1 + np.exp(-2))

z = np.array([-6, -2, 8, 2, 6])
print(np.round(sigmoid(z), 4))
print(np.round(sigmoid(z) + sigmoid(-z), 4))
logit = np.log(0.8 / 0.2)

print(round(logit, 4), sigmoid(logit))

KET QUA

[0.6025 0.1192 0.5 0.8808 0.9975]
[1. 1. 1. 1. 1.]
1.3863 0.8
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Dong thi hai kiém o (z) + o(—z) = 1 & cad nam di€ém. Dong th ba di mot vong: tirp =
0.8 sang logit 1.3863, roi sigmoid tra lai dung 0.8.

HOI NHANH
Model cho mét thu diém z va o(z) = 0.8. V6i mot thu khac ¢6 diém —z, sigmoid

bing bao nhiéu?

A —0.8
B 0.2
c 0.8
D 1.25

Softmax: tir nhiéu diém thanh mot phan phdi
V6i mudi chir s6, model cho mudi diém z1, . . ., 219, goi 1a logits. Softmax ddi ching thanh

mudi Xac suat:

e~k
Pr = .
. e~
> €

Hai buéc: 14y mii d€ moi s6 thanh duong, roéi chia cho téng dé cac sé cong lai bang 1.

Logit 16n hon van cho xac suat 16n hon, vi e? la ham tang.

Cong cling mot s6 ¢ vao moi logit thi softmax khéng d6i: e* "¢ = e - e*, va thira sd e°
xudt hién & ca tir lan mau nén triét tiéu. Tinh chat nay ciru ta khoi chuyén tran so6. Logits
nhu [1000, 999, 9981 lam np.exp thanh inf,va inf / inf cho nan. Trir di logit 16n nhat
truée khi 1ay ma thi s6 16n nhat thanh e? = 1, khdng con gi tran, ma két qua van y nhu

cu.

Python
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def softmax(z):
e = np.exp(z - z.max())

return e / e.sum()

z = np.array([2.0, 1.0, 0.0])

print(np.round(softmax(z), 4), round(softmax(z).sum(), 6))
print(np.round(softmax(z + 100), 4))

big = np.array([1600.0, 999.08, 998.01)
print(np.round(softmax(big), 4))

with np.errstate(over="ignore", invalid="ignore"):

print(np.exp(big) / np.exp(big).sum())

KET QUA

[0.6652 0.2447 0.09 1 1.0
[0.6652 0.2447 0.09 ]
[0.6652 0.2447 0.09 ]

[nan nan nan]

Ba dong dau cho cung mét phan phdi, vi ba bd logits chi khac nhau mot hing s6 cong.

Dong cudi 1a cach viét thing theo cong thirc, khdng trir max: két qua hong hoan toan.

logits e: chia téng

0.67

7.39
1 —— —_—
2.72 0.24
. 1.00 . 0.09
0 — [
meo

méo chdé chim ché chim méo chdé chim
téng = 1111 > 1

Softmax: 14y mi tung logit roi chia cho téng.

V6i hai 16p, softmax ctia logits [z, 0] cho 16p dau xac sudt e?/(e* + 1). Chia ca tir va mau

cho e” dugc 1/(1 4+ e %) = o(z). Sigmoid la softmax hai 16p.
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HOI NHANH

Logits ba 16p 1a [0, log 3, 0]. Xac suat ctia 16p gitra 1a bao nhiéu?
1/3
3/4
3/5

log 3/3

HOI NHANH

Model cho ba logits [3, 3, 3].Softmax tra vé gi?
[1, 1, 1]
[1/3, 1/3, 1/3]
[0.95, 0.95, 0.95]

[3/9, 3/9, 3/9] nhung chi khi logits duong

HOI NHANH
Cong 5 vao ca ba logits [2, 1, 0], thanh [7, 6, 5].Xac sudt cta 16p dau thay déi

thé€ nao?
Khéng déi, van khoang 0.665
Tang Ién, vi logit cta no I8n hdn
Giam xuéng, Vi cac 18p kia cling tang

Khong tinh dugc néu khéng biét nhan that
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Vi sao loss co log

Model da cho xac suit. D€ cham, ta nhin xac suit p ma model danh cho dap an dung va
tinh

loss = — log p.

D&u trir dé loss khong am, vi logp < 0 khi p < 1. Poan dung chéc chan, p = 1, cho loss 0.
p cang nho thi loss cang 16n, va 16n khong gidi han khi p tién vé 0. Ta goi day la log-loss,
hay cross-entropy khi co6 nhiéu 16p.

Python

p_true = np.array([0.99, 0.9, 0.5, 0.1, 0.01])
print(np.round(-np.log(p_true), 3))

KET QUA

[0.01 0.105 0.693 2.303 4.605]

Tt 0.99 xuong 0.9, loss chi tang thém chua t6i 0.1. Tir 0.1 xuong 0.01, loss tang thém 2.3.
Gidm p di mot ntra thi loss ludn tang thém dang log 2 ~ 0.693, vi — log(p/2) = —logp +

log 2. Model néi “chac 99% la méo” ma anh 1a cho thi bi phat rat nang.

-log p

p = 0.9: 0.11

0 0.25 0.5 0.75 1
p cho dap an dung

~log p: gan 0 khi p sat 1, tang vot khi p tién vé 0.

Lay trung binh log-loss trén ca tap di liéu:

Al Canuc80k - Bai 0.4 - Ham s6, mii va log 11/19



1< 1 &
T ;logpi = —Elog sz

V€ phai la log ctia tich cac xac sudt, tic xac suit model gan cho toan bd dap an ding ctia
tap, néu coi cac mau doc 1ap. Lam loss trung binh nhé nhat cting chinh la lam tich &y 16n
nhat. Ta tinh bang téng log thay vi tich vi Iy do da thay & trén: tich ctia nghin xac suat
tran dudi thanh 0.

V6i hai 16p, nhan y € {0,1} va model cho p = P(y = 1), xac suit ctia dap an dangla p
khiy = 1val — pkhiy = 0. Viet gop lai:

loss = —[ylogp+ (1 —y)log(1 —p) |.

V6i mbi mau, chi mét trong hai s6 hang khac 0. Day la binary cross-entropy ctia cac bai

phan loai chuong 1va 2.

Log-loss nhin thay diéu accuracy khéng thay. Hai model du6i day cung dang 3 trén 4

cau khi 1ay ngudng 0.5, nhung model B sai mot cau véi do tu tin rat cao.

Python

A = np.array([0.9, 0.8, 0.6, 0.4]) # xac sudt model A danh cho dap an dung
B = np.array([0.6, 0.6, 0.6, 0.05])
for name, p in [("A", A), ("B", B)]:

print(name, "accuracy", (p > 0.5).mean(), "log-loss", round(-np.log(p).mean(), 3))

KET QUA

A accuracy 0.75 log-loss 0.439
B accuracy 0.75 log-loss 1.132

Cung accuracy 0.75, nhung log-loss ctia B gdp hon hai lan A. Cau B cho dap an dang chi
0.05 dong gop — log 0.05 = 3.0 vao téng. Néu dé cham bing log-loss, model B thua xa.

Gio noi softmax v6i log-loss. Model phan loai anh thanh méo, ché, chim, cho logits
2, 1, 0]; nhu muc trén, softmax cho 0.665, 0.245, 0.090. Anh that 1a cho, nén loss Ia
—log 0.245 =~ 1.408. Néu anh la meo thi loss la 0.408, 1a chim thi 2.408. Ba s6 cach nhau

dung 1, bang khoang cach gitra cac logit, vi 14y log cia cong thirc softmax dugc
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—logpr, = logz e — z.
J

V6i cung mot bo logits, s6 hang dau chung cho moi 16p, nén 16p c¢é logit 16n hon 1 thi
loss nhé hon dung 1.

Gio model sira logit ctia cho tir11én 2, thanh [2, 2, 0]. Ché duge xac suat 0.468, loss con
—log 0.468 =~ 0.759. Huan luyén & cac chuong sau lam dang viéc nay hang triéu lan:
chinh logits dé loss trén dap an dang giam dan.

Python

4

np.array([2.0, 1.0, 0.0])

p = softmax(z)

print(np.round(p, 3), np.round(-np.log(p), 3))
z2 = np.array([2.0, 2.0, 0.0])
print(np.round(softmax(z2), 3), round(-np.log(softmax(z2)[1]), 3))

KET QUA

[0.665 0.245 0.09 ] [0.408 1.408 2.408]
[0.468 0.468 0.063] 0.759

HOI NHANH
Model danh cho dap an dung xac suat 0.8. Sau mdot 1an stra, xac suat dy con 0.4.

Log-loss clia mau nay thay déi thé nao?
A Tang gap doi
B Tang thém 0.4
¢ Khéng déi, vi dap an van 13 I8p cé xac suat cao nhéat

D Tang thém khoang 0.693

Al Canuc80k - Bai 0.4 - Ham s6, mii va log 13/19



Khi di thi

» Kiém dau ra ctia model 1a logits hay xac sudt: xac suat thi khong am va méi dong cdng
lai bang 1.

o Tu tinh softmax thi trir max truée khi 18y md; tu tinh log-loss thi kep np.clip(p, le-
15, 1 - 1le-15) dé€ khong gap 1og(0).

» Xem dé chdm bing accuracy hay log-loss: hai metric c6 thé xép hang hai model

ngugc nhau.

Tom tat

e Ham bic nhit y = wz + b: w 1a d6 tang cta y khi z tang 1, b 1a gia tri tai z = 0.

o €% ludn duong, e’ = 1, tang rat nhanh; e* ™’ = e%e’.

« log la phép hoi ngugc ctia mi, chi ¢6 nghia khi z > 0, am khi z < 1; log(ab) = loga +
log b bién tich thanh tong.

o Sigmoid o(z) = 1/(1 + e *) dua mot s6 bat ky vao (0,1); o(—z) = 1 — o(2); nguac lai
la logit log 5.

 Softmax 14y mi roi chia téng; cong cung hang s6 vao moi logit khong ddi két qua, nén
trir max dé€ tranh tran so.

o Log-loss — log p ctia dap an dang: 0 khi chic chan dung, rat 16n khi tu tin ma sai;

trung binh log-loss nhoé nhat tuong duong xac suit cta ca tip 16n nhat.

Kiém tra cudi bai
Mudi cau dudi day bao quat ca bai. Lam hét roi xem diém; cau nao sai thi doc lai muc

tuong ung.
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CAU1

Ham sigmoid tra vé gia tri nam trong khoang nao?
A (-1,1)
B (—o00,00)
c (0,1)

D [0,00)

BE THI  NOAI 2026 Singapore - Vong sd loai - Cau 175

CAU 2
L6p cudi ctia mdt mang neural dung softmax. Mang nay nhiéu kha nang lam bai

toan gi?
A Du doan mét sé thuc, nhu gia nha
8 Phan loai nhiéu I8p, déi logits thanh xac suéat
¢ Chiphan loai hai I6p

D Khéng du doan gi, softmax chi dung & 18p an

PE THI  NOAI 2026 Singapore - Vong sd loai - Cau 193
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CAu 3

Cross-entropy dung dé chdm model phén loai. N6 do diéu gi?
Binh phucong khoang cach gilta nhan va I8p dugc chon
Tri tuyét déi cua hiéu hai nhan
Goc gilta vector du doan va vector nhan one-hot

Po léch gilta phan phéi du doan va phan phéi cia nhan

BE THI  NOAI 2026 Singapore - Vong sd loai - Cau 194

CAU 4

Biét loga = 1.2 va log b = 0.5. log(a?b) bang bao nhiéu?
2.9
1.7
0.72

1.94

CAu s

Mot model tra vé vector [6.7, 0.5, -0.2] cho ba lép. Vector nay la gi?
Logits, can qua softmax mdi thanh xac suat
Xac suat clia ba I8p, vi gia tri I6n nhat nhd hon 1
Xac suat, nhung can lam tron sé am 1én 0

Log-loss cua ba Iép
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CAu 6
Nhan thatla y = 0, model cho P(y = 1) = 0.9. Binary cross-entropy cia mau nay

xap xi bao nhiéu?
0.105
0.9
0, vi nhan bang 0

2.303

CAu7
Mot hoc sinh nhan xac suat ctia 2000 mau, mdi xac suat khoang 0.6, va may in ra
0.0. Vi sao, va nén stra thé nao?

Code sai; tich cla cac sé duong khéng thé bang 0

Tich qua nho nén tran dudi thanh 0; cong log thay vi nhan

Do 0.6 khéng biéu dién chinh xac dugc; dbi sang 0.5

Do NumPy giSi han 1000 phan tl; chia thanh hai l4n nhan
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CAU 8
np.exp(np.array([800.0, 801.0]1)) cho [inf, inf]. Mudn tinh softmax ctia hai

logits nay ma khong bi nan thi lam thé nao?
Chia ca hai logits cho 800 trudc khi lay md
Dung np.exp2 thay cho np.exp
Lam tron logits vé sé nguyén roi lay ma

Trir ca hai cho 801 trudc khi lay mi

CAU 9
Model A va model B cung cé accuracy 0.80 trén tap validation. Log-loss cta A la
0.45, ctia B 1a 0.95. Vi sao c6 chénh léch ay?

B c6 16i trong code vi cung accuracy thi log-loss phai bang nhau

A doan dung nhiéu cau hon B nén loss thap hon

Log-loss I6n hon nghia 1& model B t6t hon

B gan xac suat rat thap cho dap an dung & vai cau
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CAuU 10
V6i logits [21, . . ., 2k, log-loss khi 16p dtng 1a k bang log } |, €* — 2. Tang riéng 2
1én mot chat thi log-loss thay déi thé nao?

A Giam, vi z;, tdng nhanh hon s6 hang log
B Téang, vitong 3. e tang
¢ Khéng déi, vi softmax khéng déi khi cong hang sé

D Giam vé dung 0 sau mét lan ting

Poc thém

+ Khan Academy — Exponential and logarithmic functions. On Iy thira va log tir dau, nhiéu bai
tap ngan co 16i giai.

« 3BluelBrown — What's so special about Euler's number e?. Video giai thich vi sao e” la ham c6
dao ham bang chinh n6, chuan bi cho bai 0.6.

» Google — Machine Learning Crash Course: Logistic regression. Sigmoid, log-odds va log-loss

trong mot bai phan loai that.

» Goodfellow, Bengio, Courville — Deep Learning, chuong 4.1. Poc phan tran s6 va cach tinh

softmax 6n dinh.
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https://www.khanacademy.org/math/algebra2/x2ec2f6f830c9fb89:exp
https://www.youtube.com/watch?v=m2MIpDrF7Es
https://developers.google.com/machine-learning/crash-course/logistic-regression
https://www.deeplearningbook.org/

